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Abstract
Each metric space is a regular cone metric space. We shall extend a result about Meir–Keeler type
contraction mappings on metric spaces to regular cone metric spaces. Also, we shall give some re-
sults about fixed point of weakly uniformly strict p-contraction multifunctions on regular cone metric
spaces.
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1. Introduction
Meir and Keeler introduced the notion of weakly uniformly strict contractions [7]. Sub-
sequently, some authors worked on their notion (for example, [6,8,10]). In 2006, Cardinali
and Rubbioni extended the Meir–Keeler fixed point theorem to multifunctions [3]. In 2007,
Huang and Zhang defined cone metric spaces by substituting an ordered normed space for
the real numbers [4]. The category of cone metric spaces is bigger than the one metric spaces
and there are different types of cones [9]. Afterwards, some authors gave many results about
fixed point theory in cone metric spaces [1,2,5,11]. We shall show that each metric space is
a regular cone metric space. In this paper, we shall extend a result about Meir–Keeler type
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contraction mappings on metric spaces to regular cone metric spaces. Also, we shall give
some results about fixed point of weakly uniformly strict p-contraction multifunctions on
regular cone metric spaces.
Let E always be a real Banach space and P a subset of E . P is called a cone if
(i) P is closed, non-empty and P  {0},
(ii) ax + by ∈ P for all x, y ∈ P and non-negative real numbers a, b,
(iii) P ∩ (−P) = {0}.
For a given cone P ⊆ E , we can define a partial ordering  with respect to P by x y
if and only if y − x ∈ P . x < y will stand for x y and x  y, while x>y will stand for
y − x ∈ int P , where int P denotes the interior of P .
The cone P is called normal if there is a number M > 0 such that for all x, y ∈ E
0x y implies ‖x‖M‖y‖.
The least positive number satisfying above is called the normal constant of P [4].
The cone P is called regular if every increasing sequence which is bounded from above
is convergent. That is, if {xn}n1 is a sequence such that x1x2 · · ·  y for some y ∈ E ,
then there is x ∈ E such that limn→∞ ‖xn − x‖ = 0. Equivalently the cone P is regular if
and only if every decreasing sequence which is bounded from below is convergent. Every
regular cone is normal [9].
In the following we always suppose that E is a Banach space, P is a cone in E with
int P  ∅ and  is partial ordering with respect to P .
Definition 1.1. Let X be a non-empty set. Suppose the mapping d : X × X → E satisfies
(d1) 0d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y,
(d2) d(x, y) = d(y, x) for all x, y ∈ X ,
(d3) d(x, y)d(x, z) + d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space [4].
Definition 1.2. A cone metric space (X, d) is called a regular cone metric space whenever
the cone P is regular.
Example 1.3. Let q > 0, b> 1, E = q , P = {{xn}n1 ∈ E : xn0, for all n}, (X, ) a
metric space and d : X × X → E defined by d(x, y) = {((x, y)/bn)1/q}n1. Then (X, d)
is a normal cone metric space and the normal constant of P is equal to M = 1.
Example 1.4. Let E = (CR([0,∞)), ‖·‖∞), P ={ f ∈ E : f (x)0}, (X, ) a metric space
and d : X × X → E defined by d(x, y) = fx,y , where fx,y(t) = |x − y|t . Then (X, d) is a
normal cone metric space and the normal constant of P is equal to M = 1.
Examples 1.3 and 1.4 show that the category of cone metric spaces is bigger than the one
metric spaces. Also, the following example shows that every metric space is a regular cone
metric space.
R.H. Haghi, Sh. Rezapour / Expo. Math. 28 (2010) 71–77 73
Example 1.5. Let E = (L1[0, 1], ‖ · ‖1), P = { f ∈ E : f 0 a.e.}, (X, ) a metric space
and d : X × X → E defined by d(x, y) = fx,y , where fx,y(t) = (x, y)t2. Then (X, d) is a
regular cone metric space. In fact, if { fn}n1 is an increasing sequence and there is g ∈ L1
such that f1 f2 · · ·  fn · · · g for all almost x , then { fn(x)}n1 converges for all
almost x . Let f (x) = limn→∞ fn(x) for all almost x . Then, fn f g (a.e.) for all n1.
Thus, g − f1 ∈ L1, g − fng − f1 for all n1 and limn→∞ g − fn = g − f (a.e.). Hence
by the Lebesgue monotone convergence theorem, f ∈ L1 and limn→∞ ‖ fn − f ‖1 = 0.
Therefore, the cone P is regular.
Definition 1.6 (Long-Guang and Xian [4]). Let (X, d) be a cone metric space, x ∈ X and
{xn}n1 a sequence in X . Then
(i) {xn}n1 converges to x whenever for every c ∈ E with 0>c there is a natural number
N such that d(xn, x)>c for all nN . We denote this by limn→∞ xn = x or xn → x .
(ii) {xn}n1 is a Cauchy sequence whenever for every c ∈ E with 0>c there is a natural
number N such that d(xn, xm)>c for all n,mN .
(iii) (X, d) is a complete cone metric space if every Cauchy sequence is convergent.
Note that, the relations P + int P ⊆ int P and  int P ⊆ int P (> 0) hold. We appeal
to these relations in the following.
Definition 1.7 (Meir and Keeler [7]). Let (X, d) be a metric space and f : X → X a
selfmap. We say that f has the property (KM) whenever for every > 0 there exists > 0
such that d( f (x), f (y))<  for all x, y ∈ X with d(x, y)<  + .
It is easy to see that f has the property (KM) if and only if or every > 0 there exists
> 0 such that d( f (x), f (y))<  for all x, y ∈ X with d(x, y)<  + .
Definition 1.8. Let (X, d) be a cone metric space and f : X → X a selfmap. We say
that f has the property (KMC) whenever for every 0  c ∈ P there exists 0>d such that
d( f (x), f (y))< c for all x, y ∈ X with d(x, y)< c + d.
Definition 1.9. Let (X, d) be a cone metric space and 0>c. Then, (X, d) is called
c-chainable if for each x, y ∈ X there exist x0, x1, . . . , xm in X such that x0 = x , xm = y
and d(xi+1, xi )< c for all 0 im − 1.
2. Main results
Now, we are ready to give our main results. Example 1.5 shows that the following propo-
sition extends the result of [7] about fixed point of Meir–Keeler type contraction mappings
on metric spaces to regular cone metric spaces.
Proposition 2.1. Let (X, d) be a complete regular cone metric space and f : X → X has
the property (KMC). Then, f has a unique fixed point.
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Proof. First, note that d( f (x), f (y))< d(x, y) for all x, y ∈ X with x  y. Let x0 ∈ X . Put
xn = f (xn−1) for all n1. If there is a natural m such that d(xm+1, xm)=0, then f (xm)=xm
and so f has a fixed point. If d(xn+1, xn)  0 for all n1, then d(xn+1, xn)< d(xn, xn−1).
Hence, there exists  ∈ P such that d(xn+1, xn) → . We claim that =0. If   0, then there
is 0>d such that d( f (x), f (y))<  for all x, y ∈ X with d(x, y)<  + d. Choose r > 0
such that d/2 + Nr (0) ⊆ P and take a natural number N such that ‖d(xn+1, xn) − ‖< r
for all nN . So, d(xn+1, xn) − >d . Since f has the property (KMC), d(xn+2, xn+1)< 
for all nN . This is a contradiction because < d(xi+1, xi ) for all i1. Now, we show
that {xn}n1 is a Cauchy sequence. If this is not, then there is a 0>c such that for all natural
number m there are im, jm >m so that the relation d(xim , x jm )>c does not hold. For 0>e>c
there exists 0>d such that d( f (x), f (y))< e for all x, y ∈ X with d(x, y)< e +d. Choose
a natural number M and such that d(xi+1, xi )>d/2 for all iM . Also, take jM  iM > M
so that the relation d(xiM , x jM )>c does not hold. Then, we have






Hence, d(xiM , xiM+2)>e. Similarly, d(xiM , xiM+3)>e. Thus, d(xiM , x jM )>e>c which
is a contradiction. Therefore, {xn}n1 is a Cauchy sequence. Since (X, d) is complete,
there is u ∈ X such that xn → u. Hence, f (xn) → f (u). But, f (xn) = xn+1 →
u and the limit point is unique in cone metric spaces. Thus, f has at least one fixed
point. Since d( f (x), f (y))< d(x, y) for all x, y ∈ X with x  y, f has a unique fixed
point. 
Definition 2.1. Let (X, d) be a cone metric space, p a natural number and F : X → 2X a
multifunction. The multifunction F is called weakly uniformly strict p-contraction if the
following property hold:
(F) for every 0  e ∈ P there exists 0>d such that for each z, w ∈ X admitting the
representation:
∃z0, . . . , z p−1 ∈ X with z ∈ F(z p−1), z p−1 ∈ F(z p−2), . . . , z1 ∈ F(z0),
∃w0, . . . , wp−1 ∈ X with w ∈ F(wp−1), wp−1 ∈ F(wp−2), . . . , w1 ∈ F(w0)
and d(z0, w0)e + d , we have d(z, w)< e.
Theorem 2.2. Let (X, d) be a complete regular cone metric space, p a natural number and
F : X → 2X a weakly uniformly strict p-contraction. Then, F has a fixed point.
Proof. By the axiom of choice, F has a selection, that is, there is a function f : X → X such
that f (x) ∈ F(x) for all x ∈ X . We show that f p has the property (KMC). Let 0  c ∈ P
and 0>d be the same provided by (F). Let us fix z0, w0 ∈ X such that d(z0, w0)< e + d
and define
z1 = f (z0), z2 = f (z1), . . . , z p−1 = f (z p−2), w1 = f (w0), . . . , wp−1 = f (wp−2).
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Then,
z1 ∈ F(z0), z2 ∈ F(z1), . . . , z p−1 ∈ F(z p−2), w1 ∈ F(w0), . . . , wp−1 ∈ F(wp−2).
By using the property (F) and considering z = f p(z0), w = f p(w0) we have
d( f p(z0), f p(w0)) = d(z, w)< e.
Thus, f p has the property (KMC). Therefore, by Proposition 2.1, there is unique x0 ∈ X
such that f p(x0) = x0. Since f p( f (x0)) = f (x0), x0 = f (x0) ∈ F(x0). 
Corollary 2.3. Let (X, d) be a complete regular cone metric space, f : X → X a selfmap
and f m has the property (KMC) for some m2. Then, f has a unique fixed point.
Theorem 2.4. Let (X, d) be a complete regular cone metric space, 0>c, p a natural number
and the multifunction F : X → 2X has the following properties: (I) For each z, w ∈ X
with z w, if there exist z0, . . . , z p−1 and w0, . . . , wp−1 in X such that
z ∈ F(z p−1), z p−1 ∈ F(z p−2), . . . , z1 ∈ F(z0)
and
w ∈ F(wp−1), wp−1 ∈ F(wp−2), . . . , w1 ∈ F(w0)
then d(z, w)< d(z0, w0).
(II) For each 0  e ∈ P there exists 0>d such e +d < c and for every z, w, z0, w0 ∈ X
which satisfy in the condition (I), if d(z0, w0)< e + d, then d(z, w)e. Then, we have
(i) If there exist z0, w0 ∈ X with z0 w0, a1, . . . , ap−1 ∈ X such that
z0 ∈ F(a1), a1 ∈ F(a2), . . . , ap−1 ∈ F(w0)
and d(z0, w0)< c, then F has a fixed point.
(ii) If (X, d) is c-chainable, then F has a fixed point.
Proof.
(i) By the axiom of choice, F has at least a selection, namely f , such that z0 = f (a1), a1 =
f (a2), . . . , ap−1 = f (w0). Note that, z0 = f p(w0). We show that
d( f p(x), f p(y))< d(x, y) (∗)
for all x, y ∈ X with x  y. Let x, y ∈ X with x  y. Put
z1 = f (x), z2 = f (z1), . . . , z p = f (z p−1) = f p(x)
and
w1 = f (y), w2 = f (w1), . . . , wp = f (wp−1) = f p(y).
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Then,
z1 ∈ F(x), z2 ∈ F(z1), . . . , f p(x) ∈ F(z p−1)
and
w1 ∈ F(y), w2 ∈ F(w1), . . . , f p(y) ∈ F(wp−1).
Hence by (I), d( f p(x), f p(y))< d(x, y). Put, z1 = f p(z0) and w1 = z0 = f p(w0).
If d(z1, w1) = d(z1, z0) = 0, then f p(z0) = z0. Since f p( f (z0)) = f (z0) and f p has
a unique fixed point, z0 = f (z0) ∈ F(z0) and so F has a fixed point. So, suppose
that 0< d(z1, w1). By (∗), 0< d(z1, w1)< d(z0, w0)< c. Now, put z2 = f p(z1) and
w2 = z1 = f p(w1). If d(z2, w2) = 0, then z1 = f (z1) ∈ F(z1). Also, we can suppose
that 0< d(z2, w2)< d(z1, w1)< c. Thus, for each n1 define zn = f p(zn−1), wn =
zn−1 = f p(wn−1) and without loss of generality suppose that
0< d(zn, wn)< d(zn−1, wn−1)< c
for all n1. Choose ∈ P such that limn→∞ d(zn, wn)=. We claim that=0. Suppose
that   0. Then, 0< d(zn, wn)< c for all n1. Take 0>d so that satisfies in the
condition (II) (with e = ). Choose a natural number N such that d(zn, wn) − >c/2
for all nN . So, d(zn, wn)< +d for all nN . Hence by (II), d(zn+1, wn+1)<  for
all nN . This is a contradiction. Thus, limn→∞ d( f np(z0), f np(w0))=0. Now similar
to the proof of Proposition 2.1, we can prove that { f np(z0)}n1 is a Cauchy sequence.
Since (X, d) is complete, there is a x0 ∈ X such that limn→∞ d( f np(z0), x0) = 0.
By (∗),
d( f (n+1)p(z0), f p(x0))< d( f np(z0), x0).
Hence, limn→∞ d( f (n+1)p(z0), f p(x0)) = 0. Since the limit point is unique in cone
metric spaces, f p(x0) = x0. So, f p( f (x0)) = f (x0). But, f p has a unique fixed point.
Hence, x0 = f (x0) ∈ F(x0).
(ii) Let x, y ∈ X . Choose x0, x1, . . . , xm in X such that x0 = x , xm = y and d(x j+1, x j )< c
for all 0 jm − 1. Similar to the proof of the part (i), we can prove that
limn→∞ d( f np(x j−1), f np(x j )) = 0 for all 0 jm − 1. Since d( f np(x), f np(y))∑m
j=1d( f np(x j−1), f np(x j )), limn→∞ d( f np(x), f np(y)) = 0. If y = f p(x), then
limn→∞ d( f np(x), f (n+1)p(x))=0. Now, similar to the proof of part (i), { f np(x)}n1 is
a Cauchy sequence. Since (X, d) is complete, there is a x0 ∈ X such that
limn→∞ d( f np(x), x0)=0. By(∗), limn→∞ d( f (n+1)p(x), f p(x0))=0. So, f p( f (x0))=
f (x0). Since f p has a unique fixed point, x0 = f (x0) ∈ F(x0). 
Remark 2.1. In Theorem 2.4, F has a unique fixed point. If x0 and y0 are two distinct fixed
points of F , then suppose that g is a selection of F such that g p(x0) = x0 and g p(y0) = y0.
Similar to the proof of Theorem 2.4, d(g p(x), g p(y))< d(x, y) for all x, y ∈ X with x  y.
Hence, d(x0, y0) = d(g p(x0), g p(y0))< d(x0, y0). This is a contradiction.
Corollary 2.5. Let (X, d) be a complete regular cone metric space, 0>c and the selfmap
f : X → X a contraction. Suppose that for each 0  e ∈ P there exists 0>d such that
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e + d < c and for every z0, w0 ∈ X with d(z0, w0)< e + d, we have d( f (z0), f (w0))< e.
Then
(i) If there exists z0 ∈ X with d(z0, f (z0))< c, then f has a unique fixed point.
(ii) If (X, d) is c-chainable, then f has a unique fixed point.
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